This articles deals with unsteady MHD free convection flow of blood with carbon nanotubes. The flow is over an oscillating vertical plate embedded in a porous medium. Both single-wall carbon nanotubes (SWCNTs) and multiple-wall carbon nanotubes (MWCNTs) are used with human blood as base fluid. The problem is modelled and then solved for exact solution using the Laplace transform technique. Expressions for velocity and temperature are determined and expressed in terms of complementary error functions. Results are plotted and discussed for embedded parameters. It is observed that velocity decreases with increasing CNTs volume fraction and an increase in CNTs volume fraction increases the blood temperature, which leads to an increase in the heat transfer rates. A validation of the present work is shown by comparing the current results with existing literature.
Introduction
The nanofluid model was first proposed by Choi [1] , as a new class of heat transfer fluids that can be engineered by hanging metallic nanoparticles in conventional heat transfer fluids. The subsequent fluid recognized as nanofluid is probable to exhibit high thermal conductivities compared to those of currently used heat transfer fluids. The nanoparticles used in nanofluids are made of metals alumina, cupper, carbides, metal oxides, nitrides or non-metals (graphite, carbon nano-tubes) and usually water or ethylene glycol are used as base fluids [2] [3] [4] [5] [6] . CNTs as nanoparticles have held an essential role in the area of nanotechnology because of their unique electronic structural and mechanical characteristics. CNTs have extraordinary conductivity which helps them to form a network of conductive tubes. CNTs have also been consumed for thermal defense as thermal boundary materials. CNTs with high diffusion conductivity have attracted significantly important attention from researchers [7] [8] [9] . CNTs used in nanofluids are usually of two types, specifically single walls carbon nanotubes (SWCNTs) and multiple walls carbon nanotubes (MWCNTs) . The width of CNTs ranges from 1 to 100 nm and lengths in micrometer. They have two hundred times power and five times resistance of steel, fifteen times thermal conductivity and 1000 times capability of copper [10] [11] [12] . Ding et al. [13] investigated the heat transfer behavior of CNT nanofluids flowing through a horizontal tube. They found important improvement of the convective heat transfer and observed that the improvement depends on solid volume fraction of CNTs and Reynolds number. Meyer et al. [14] presented the convective heat transfer enrichment of aqueous deferrals of MWCNTs flowing through a horizontal straight tube experimentally. The enhancement of thermal conductivity of ethylene glycol and synthetic engine oil in the presence of MWCNTs is reported by Liu et al. [15] . They found that CNTs-ethylene glycol suspensions have greater thermal conductivities as compare to ethylene glycol fluid without CNTs.
Wang et al. [16] experimentally investigated the heat transfer and pressure drop of nanofluids containing CNTs in a horizontal circular tube. They showed that the nanofluids at low concentration enhance the heat transfer with little extra penalty in pump power. An experimental study on the convective heat transfer characteristics of secondary refrigerant-based CNT nanofluids in a tubular heat exchanger given by Kumaresan et al. [17] . Khan et al. [18] reported numerically the flow and heat transfer of CNTs along a flat plate with Navier slip and uniform heat flux boundary conditions, they used SWCNTs and MWCNTs with three different base fluids. Haq et al. [19] studied water based flow in the presence of SWCNTs and MWCNTs, they examined a higher skin friction and Nusselt number for SWCNTs than MWCNTs. Kandasamy et al. [20] illustrated the impact of chemical reaction on Cu, Al 2 O 3 , and SWCNTs-nanofluid flow under the slip conditions numerically by using Runge-Kutta-Fehlberg Method with shooting technique and the impact of chemical reaction on SWCNTs, alumina and cupper nanoparticles on convective mass transfer in the presence of water base fluid by using numerical scheme also discussed by Kandasamy et al. [21] . Recently, exact solution of heat transfer enhancement in free convection flow of Maxwell nanofluids with SWCNTs and MWCNTs over a vertically static plate with constant wall temperature using Laplace transform technique presented by Aman et al. [22] .
Amongst the non-Newtonian models, Casson model [24] is identified as the most preferred rheological model for describing human blood flow [25, 26] . In this manuscript blood flow containing carbon nanotubes (CNTs) is scrutinized in the presence MHD and porosity. Blood is taken as base fluid with CNTs inside. Two types of CNTs (SWCNTs and MWCNTs) are taken. MHD and porosity effects are considered. The flow is considered over an oscillating plate. Laplace transform technique is used to obtain the analytical results. Numerical results for velocity and temperature are shown graphically and discussed in detail.
Problem formulation
The rheological equation of state for the Cauchy stress tensor of Casson fluid is written as, (see [16, 24] where = π e e ij ij and e ij is the i j ( , ) ih component of the deformation rate, π is the product of the component of deformation rate with itself, π c is a critical value of this product based on the non-Newtonian model, μ is plastic dynamic viscosity of the non-Newtonian fluid and p y is yield stress of fluid. Consider an incompressible unsteady flow of Casson-nanofluid containing CNTs of constant kinematic viscosity υ nf occupying a semi-finite space > y 0. The plate is assumed to be electrically conducting with a uniform magnetic field B of strength B 0 , applied in a direction perpendicular to the plate. The magnetic Reynolds number is assumed to be small enough to neglect the effect of applied magnetic field. The half space plate is embedded in a porous medium saturated with human blood based nanofluids containing SWCNTs and MWCNTs. The base fluid and CNTs are assumed to be in thermal equilibrium and no slip occurs between them. Initially, at time = t 0, both the fluid and the plate are at rest with constant temperature ∞ T . In the meantime = + t 0 , the plate is subjected to sinusoidal oscillations so that, the − x velocity at bounding wall is given by = UH t ωt V ( )cos( ); U is the characteristics velocity, H t ( ) is the unit step function, and ω is the frequency of oscillation of the plate. At the same time, the plate temperature is raised to T w which is thereafter maintained constant [2, 6] :
together with initial and boundary conditions
; for all 0, 0: ( )cos( ), ; 0 0: ( , ) 0, ( , ) 0; . 
, 
where the subscripts f and CNTs are referred to fluid and carbon nanotubes to determine the thermal conductivity and the dimensionless heat transfer rates of nanofluid, where ϕ is the solid volume fraction of nanofluid. Thermophysical properties of the carrier fluid (human blood), SWCNTs and MWCNTs nanoparticles are given in Table 1 .
The following dimensionless quantities are introduced
into equations
with associated initial and boundary conditions 
where
are the Prandtl number, Grashof number, magnetic parameter and permeability parameter respectively. Besides that,
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Solution of the problem
Applying Laplace transform, the following solutions for temperature and velocity are obtained: 
where 
Solution for Stokes' first problem
By taking = ω t 0 which corresponds to the impulsive motion of the plate, then Eq. (10) yield 
Solution without MHD and porosity effects
The temperature distribution is not effected by MHD and porous medium, as it results from Eq. (9). However, MHD and porosity have strong influence on velocity as it can be seen from the mechanical parts of Eq. (10) . Thus in the absence of MHD = M ( 0) and porous medium = K ( 0), the equation become 
Solution in the absence of CNTs
Consider, pure Casson fluid without incorporating the CNTs, and by taking = = ϕ λ 0 and 0.0001 into Eq. (10). Thus the resulting solution will be independent of the influence of CNTs and will be identical to those obtained by Khalid et al. [2] , see Eq. (11). Hence, this confirms the accuracy of present results. This fact is also shown graphically in Fig. 6 .
Solution for newtonian fluid with the absence of CNTs
By taking → ∞ = = γ ϕ λ , 0 and 0.0001 into Eq. (10), the corresponding solution for viscous fluid will be independent of the effect of CNTs and the present result is in good agreement with the previous result found by Chaudhary and Jain [23] , see equation (19) .
Results and discussion
In the numerical computations the properties of blood and SWCNTs and MWCNTs are used from Table 1 . The Prandtl number of blood is taken as Pr = 25. Fig. 1 depicts the effects of volume fraction ϕ ≤ ≤ ϕ (0 0 . 0 4 ) on the velocity profiles for human blood-based nanofluid with SWCNTs and MWCNTs. It is observed that for both SWCNTs and MWCNTs, as the ϕ increases, the velocity of the nanofluid decreases. It is also noted that changes in ϕ indicates to changes in temperature and then velocity which in turn displays the significance of nanofluids in the procedures comprising heating and cooling. The influence blood parameter γ on velocity profiles is illustrated in Fig. 2 . It is observed that for increasing the value of γ the velocity profile decreases for SWCNTs as well as for MWCNTs. Physically it is because of plasticity of blood, when γ decreases the plasticity of fluid increases which causes the deceleration in velocity. Fig. 3 reveals the effect of the magnetic parameter M on velocity profiles. The velocity profiles decrease (for both types of CNTs) with increasing values M leading to a reduction in the velocity boundary layer thickness. Physically, the Lorentz force which opposes the motion occurs due to the applied transverse magnetic field, and is responsible for reducing the fluid velocity. In Fig. 4 , the profiles of velocity for different vales of permeability parameter K are plotted. It is observed that for large values of K, velocity and boundary layer thickness increase which explains the physical situation that as K increases, the resistance of the porous medium is lowered which increases the momentum development of the flow regime ultimately enhances the velocity field for both SWCNTs and MWCNTs. For verification, present results are matched with those obtained by Khalid et al. [2] and Chaudhary and Jain [23] . This comparison is plotted in Fig. 6 . It is found that present results without incorporating the CNTs, and by taking = = ϕ λ 0 and 0.0001 are duplicate to those obtained by Khalid et al. [2] , see Eq. (11) and when → ∞ = = γ ϕ λ , 0 and 0.0001, the present results found in good agreement with previous published results obtained by Chaudhary and Jain [23] , see equation (19) . Hence, this approves the correctness of obtained results.
Final remarks
The final remarks are concluding from this study: • Velocity of Casson-nanofluid decreases with increasing CNTs volume fraction, Prandtl number and magnetic parameter, whereas increases with an increase in Grashof number and permeability parameter.
• An increase in CNTs volume fraction increases the Casson-nanofluid temperature, which leads to an increase in the heat transfer rates.
• SWCNTs and MWCNTs have the same effects on velocity and temperature profiles for Casson-nanofluid flow.
• Human blood as a base fluid used first time to obtain the exact solutions for Casson-nanofluids.
• Solution (10) is found in excellent agreement with those achieved by Khalid et al. [2] and Chaudhary and Jain [23] . [23] , see equation (19) .
